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1, Introductica

in the past, the Glauber1

approximation for scattering amplitudes
las been applied to many problems in particle physics and in nuclear phyaicsz.
‘ore recently, the Glauber approximation has been cmployéd in the elastic
.cattering of elecctrons by hydrogen atomss’a. In chese latter calculation.==
for angular distributions as we%l as for total clastic cross sections-=tic
Glauber theory agrees surprisinely well with experiment, even at comparatively
low electron energies {< ~ 100 ) where Clauber's formulation might he
expected to break dowtts As a mattetr of fact, Glaubetr's theoty is essentiaslly

5

a diffraction approximation”, whetein it is assumed that the incident nplane
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suffering only a position-dependent change of phase and amplitude; obviously

this assumption is likely to be invalid at low energies. On the other hand,

the Glauber theory has the virtue--to which its aforementioned success in e-H
elastic scattering perhaps can be ascribed--that it takes account of the
interacctions of the incident electron with both the target electron and the

target proton; for excitation processecs, in most other easily computed approximct-

lons, th¢ Interaction betwecen the incident clectron and the proton clt .cr pr. Juces

identically zero scattering (first Born approximation, hereafter denoted by
FBA), or else is assumed to producé negligible scattering (impulse approxi-
mations, Vainshtein approximation7).

In view of the preceding paragraph, it seems ;;a;onable to examine |
the utility of Glauber theory in the inelastic scattering of atomic hydrogen ‘

by electrons, especially at energies < 100 eV, where FBA is known to be very

poor (see section &4). The specific reacticns examined by us include

excitation of H(ls) to the 2s, 2p, 3s and 3p levels. The derivations . . ]




theoretical formulas employed are given in the two following sections., A
fourth and final section discusses the results obtained, including their

comparison with experiment,

2, Dasic Formulas

In what follows, we suppose the target proton to be infinitely
heavy. Also, we neglect exchange scattering, which is not readily estirated
in a diffraction theory like Glauber's; the possible significance of this
neglect will be discussed in the final section. Let hﬁi.hif s mzi.m3£ be
respectively the momentum vectors of the incident electron before and after

the collision, and chinc

Place the origin of coordinatee at the proton, with the z-axis (also the
polar axis) along ii' Let ;,?? denote respectively the position vectors of

the target and incident electrons, and write

-+ . -+
r=g+ 2z
-0' > R
r' =b + ¢

where (see Fig. 1) s is the projection of T onto the x,y'plane; correspondingly,
~

the impact parameter vector b lies in the x,y plane, and is the perpendicular

from the origin to the incident particle's initial trajectory.

With these definitions the amplitude Ffi(a) for collisions in which



the atom undergoes a transition from an initial state { with wave function
u, to a final state f with wave function Ugs and in which the incident particle

imparts a momentum h; to the target is given by1

1K .
I-h(’q’) - -i-;} ue () r(S,r) u, () exp(inB) d%b df (1)

Moreover, in Eq. (1)

&> -+
P@,2) = 1 - &iX(bs8) (2)
with the phase shift function
[ J
X(B':) - - i‘%‘f V<go¥vc> dg
i

the integral--along the trajectory of the incident electron--of the instanta-
neous potential between the incident particle and the target., For electrons

incident on atomic hydrogen, one finds readily3

Xx(b,8) = 2nlog b= s (3)

where n = ez/ﬂv .
L "X 1

When the exponential in (2) is expanded in powers of ¥, the

first non-vanishing term in (1) is linear in X, and can be seen toc be

identical with FBA. Retention of only the linear terms in X should be v.lid

at large vye Thus one might infer that the Glauber predictions for Ffi(a)



should merge with the IBA at sufficiently high incident energies. This
inference is not really justified, however, for reasons which will be discussed
1R séetion 4 helew: In partieular, for the inelastic cross sections

examined in this paper, the Glauber and FBA predictions at larpe scattering
angles (v 600, for instance) apparently do not approach each other as tue
incidont energy is increased. However, at hipgh energies large angle scattering
fenerally makes a relatively inconsequential contribution to integrated cross
sections, vhether elastic or inelastic., Therefore we do expect that the
Glauber total (i.e., integrated over angle) inelastic cross sections will
approach the FBA at'sufficiently high energies. For the excitation processes
examined in this paper, the Glauber total cross sections become essentially

indistinguishable from the FBA at incident energies Ei > 200 eV, WEEEET DM
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of the formula (1) explicitly assumes that { is very nearly perpendicular to
Ei

useable form (see section 3).

; this assumption also is specifically employed in the reduction of (1) to

In excitation from state i to state f, the differential cross

gsection is

L PEN
do K
fi f + 12
@ "X, Fa @l @

i

and the total cross section is




=L IF @)% stnodode (5)

~4
-~

vhere 0,¢ arc the angles in spherical coordinates specifying the dircction of
Kf relative to Ki' Lven in e-11(1s) collisions, the quantity F(i(a) need not
be independent of ¢, i.e., need not be axially symmetric about the z-axis,
when ug denotes a final state of specified magnetic quantum number, as c.;.,
in the 1s-2p excitation of hydrogen; of course, the differential cross scction

sumned over final magnetic quantum numbers is independent of ¢.

The quantity Kf is fixed by

2 2
e 2 _xt 2 (6a)
g Ty Ty

vhere €g1Cg are the energies of the initial and final atomic states (with
€4 = - 13.6 eV in the reactions we discuss). Thus from

q? = k2 + B2 - kK, coso (6b)

i

qdq = k,K. sinode

we can recast Eq., (5) into the form
K, ¢+ K

i £ 2n 3
. 1 3 + 12
o =7 | o a | o |7y G (1)
i 0
K, = K

i {



3. Cross Section Expressions

The desired expressions for inelastic ls - 28, ls - 2p, 18 - 3 and

1a = 3p excitation of atomic hydrogen by electrons now can be ohtained from

Lqs. (1), (4) and (7), along with the appropriate initial and final wave

functions. The immediately followinp subsection details the reduction of the

integral (1) to usable form in the 1ls - 28 case. As will be seen, the
analysis closely parallels the previously reported3 reduction of (1) in

clastic e-ll scattering.

3J.1 18 -~ 23 FExcitation

Introducing now atomic units, for ls - 28 excitation

iK
2n

2in
> =+ > >
Fe @ =5—|—= (-1 /2 ) -(JP_%_B_L) e!9°" (bdbdg, ) (sdsde_dz)  (8)

4nv?2

»

-»
vhere, because E is assumed to lie in the x,y plane containing b and s

(Bﬁe Fig. 1);

g-C =4bces (ﬁ“ﬁ,
l b - ?I_—_ [ b+s* - 2bS cas( ¢, - 4"')}%’

and Of course

1
re (s2 + z%)ir Moreover, for given ﬁf. i.,e., for a given direction of

>
scattering specified by given 6,4 in Eq. (5), then as we have defined 7

4= pon

(")



The expression (8) can be rewritten in tie form

Fh (%) -{[2+:~;\~J I' (£,A) (1)
A=Yy

vhere

. . 7
A K ~A¥ (D=3 2Ny )
LR A) - 5mz] €00 -(B52)77 ] e M sarag Jpasapary
()
siow, because of (9) and using Y = 2ba/(b2 + 32),

we obtain,

Lt o 90 iy - veat

X (sas dz) (/<)
A/gfe)}/ an
4 ﬁb/dsfde bs e ](?‘ ~"" (5 )/‘W(’ Yeesq,) ]
7Sz
(?3)
= IKL dffds s‘b/-fl—ls)](ﬂ)[&v- /d¢ (I“Y(.os‘? ]
. o (74)

The result (14) is obtained from (13) by, e.g., introducing the new integration

variable




t inatead of z via z = g sinh 1, and them employing a standard formulna for
Kv’ the modified Bessel function of the third kind,
The integral (14) is further reduced by transforming to polar

coordinates in the b,s plane,

S =Romg’

b = Rcué'

This transformation makes y and s/bY in (14) independent of R, so that we can

u509
[ ] a ‘

\
Furthermorelo

oF (3,21 ’J— el o’ ) = (/-f ) K2, ;’A»‘”’é')

A

Theretore,

h
I, = 1b<K; 46 510" Coso’ ( +_f__c,f ) (,_ __f_of

'/-; {/\5"19’):

»

sth / Y, )
/ < a /= Sin2 b Cos /7)
'"5'7?(64:6') /. !l ) '/ (
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From Eqs, (10) and (17), after settinp A = 3/2,

/o % . 3,0 P - , ,
F Y, -a) o __‘.é’_.é_./.(f_ d9, SO Coso 3[_2/ 5'"“9/-# Lé?:.c“;’ J‘"xa
ot ¥vz |, (sin*e’ + %7‘“3‘9’)‘" 7

an (2N ‘M
—{ii’i 1“405“9’] [/ - 37 [ ws) o“é("“’””‘"‘ﬁ’j}

('§)

Lq. (18) shows Ffi(a) is independent of scattering azimuth angle ¢, as {t
should be In the present case of 1s - 25 excitation. We have evaluated vfi(H)
numerically from Eq. (18) by two independent methods, which have yield: <
essentially identical results., Our first method involves computing the
integral over ¢5 numerically, after which we perform the sccond numerical
integration over 8' (but, for convenience, first replacing 0' by the new
integration variable t viat = ginf'), In our second method we have evaluated

the integral over ’s in (18) from the previously used3 formula

[ ’ ‘7 2 m R
| dp (1-sm20'csg) "= cosze’l  F (Ped, Bel; ;i sin26 @)
o

Eq.*(19) can be derived, e.g., by writing (when, as in (18), 0 < 6' < n/2)
] - s:i-n.z‘é'us:#" = /coszg’/[/.ur.za'l - ]tan2 e’/ cuﬁj

and then using a known integral representationll for the Legendre function,

which is cxpreasiblelz in terms of the hypergeometric function 2’1'
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To convert to c.g.s8., units, replace I, and q in (18) by noxi' and
aoq', wvhere the primed quantities are in c.g.s. units (i.e., Ki' - mvi/'ﬁ in

c.f.8., units), and multiply the ripght side of (18) by an extra factor A

consistent with F“ having the dimensions of lenpth.

J.2 1ls - 38 Excitation

In atomic units, after introducing the ls and 3s wave functions,
fq. (1) becomes

e > —AV -
e L (gengeesdn) - (22

8/ w3

5 (1abag, ) (sds 19, d2) (2

evaluated at A = 4/3, Recalling Eqs. (11) and (17), one finds Eq. (20)

rcduces to

. ’/‘- ’ . 9 p
7:‘ (‘;l)= 3‘/ L,fg:/dol SM"e case’ __‘,,,(9’_775"-“6'(.&5“9

Sn%% 4 ,*cos'9”)"
(sm8 T b /

7 . 7 ¢ 4_'/
/3 3 Cos 6
+ 2 ?}5’ nocass’ - /
. z’

aih, 47 ‘:"J
o[ 155 (Ghz) [ dp (1 sna st 2
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i, 13 = 2p Excitation

The observed 18 - 2p excitation cross section is the sum of the
cross sections for excitation to each of the 2p magnetic substates., For our
pregsent purposes, the electron spin, 2p1,2 - 2p3/2 splitting and hyperfine
effects all are inconsequential, so that the electrons can be considered
spinless In effect, and the 2p magnetic substates can be liheled merely by
the orbital magnetic quantum numbers m = 0, * 1, Let the direction of Ei (the
z-axis employed in section 2) be the axis c  quantization for the atomic wive
functions. Then for excitation tom = 0, Ca. (1) yields

L . s o] W 3E
i»’a,,/;):s;l;:-.;f.ﬁ ye"'coso,[,- (/_z;;g)’je’ (bdbdf, ) (sds dfd2)  (23)

viere z = r cose8 and.k = 3/2, Thus Ffi(a) from (22) vanishes, since it is
intcgrated from z = - » to + ® and the integrand is an odd function of =.
1t can be seen that this result--namely that Ffi(;) vanishes for excitation
to the 2p m = 0 state--i8 a conscquence of the Glauber theory assumption
that H is perpendicular to ﬁi' In FRA, viere one does not assume a l-ii’ the
ls = 2p m = 0 excitation amplitude is not identically zero. liovever,
Aamination of tne quite complicated closed form FBA cxpression:;l3 for tin
ls =¥p m =0, ¢ 1 amplitudes indicates that (for those scattering anpics
maliing the predominant contribution to the excitation cross sections) the
m = 0 amplitude becomes negligible compared to the m = % 1 amplitudes in tie
limit Ei + «», This conclusion concerning the high energy behavior of tlie
FRA 1s - 2p m = 0, ¢ 1 amplitudes is supported by numerical calculationsla.

which show that the FBA 18 = 2p m = O integrated cross section decreases
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mueh more rapidly than the FRA 1w = Ip m = ¢ 1 {nteprated eronn neetionn an

the energy increcases from 1) eV to 200 eV. Thus the Glauber result that the
ls = 2p m = 0 amplitude vanishes is not inconsistent vith the expectation
(explained in section 2) that the Glauber total cross section predicticns
should merge with the FBA at large Ei‘ Ve streas that the preceding

sentence pertains to quantization along K only., In FBA it is more utual

i
and more convenient to quantize along a, in which event the FBA 1ls = 2p m = & ]
amplitudes vanish, and the dominant FBA amplitude i{s the 1s = 2p m = 0,

For 1ls - 2p excitation tom = ],
..) ‘7

.

o'V tsabag ) (sas dg, 42)

(23)

/’f((?) ,___& Mye mae [/ /——i}—')

with A again = 3/2, But r sinOB = 5, So (23) can be rewritten as
Y ('(fz-¢5" ( iy r
-/\{342) e‘¢7 dﬁ e ?’ c
( (¢ - ¢6 . /)E-51 u’j} (5%
x/“‘& e - )[l LT‘)

'I}i k"/ds db.dz bs“e

] %

Recalling (9), in (24)
cn

PR/}
n “h
¥ - -a.: 2Lk 2 ’ - L45¢‘}
/‘49? £ f’%)[,_ (L) )] = i) )% % -7 (i

L PR
where Y 18 as in Eq. (12). Thus

$’/L . l" in
¢ BYIEEY, » e d
/:;. (f’)=~%§—¢?/dsdtiel,s"e I(?é)/j-f)jo‘“’%(’)r %,

_-;/.(_*_.‘. dsdb 4S /(/As)j/,u)/ )/4¢ cas g (=Y «#,)
47

(;'b)

(¢7)
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An 1in subseetion 3,1, inttoducing molat cootdinates in the b,s

plate, Eq, (27) teduces to

5
A Htorcorssimtptlamb - pepesife st ey
f i} ) A

(sm*0’s £ -7 “oste )

(28)

vhere Y = 81in26', Ve have computed Ffi(a) numerically from (28), after

introuucing the new integration variable t = s8inB'. Note that Ffi(a) no

depends on the scattering azimuth angle ¢ = 0 - %, a8 foreshadowed in section

2. However, IPfi(q)I remains independent of ¢. The quantity l!’ﬂ(q)l2

ls = 2pmwa.] obviously 1is the same as for m = 1,

In (28), the integral over °u also can be expressed as a

hypergcometric function. Using (19) and the propertieals of the derivative

of 2P1,
T ' 2n che )
[ dcf‘ Caiﬁ (l—-\/LoS%) --z-mu) 9 dfs (/-YCO.)(@)
m+% ;_/
- - 2 b b h
- LN+ aY [(I Y) JFI ("2"" +/ J "Z*% ‘)-1; >/ )
\ -

=’ii£l (1-Y7) dh(F+ 1, %4!’-—-/’65\{2.)

[
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3.4 1s - 3p Excitation

As in subsection 3.3, the 1d - 3p o » 0 amplitude vanishes; also, the

valuas of |?¢¢(3)|2 for m » & 1 ara aqual and indepondent of ¢. For
18 - Jpm= 1, we find

_Z_K__Z‘__ 5{5 Cos 9 571 9 i[ A (64~ 7).s~n“§ +,~.:A;f..,‘a'(os‘0,

1) T % SnB’ +? (,o.,"B)
m L'ﬂ‘
/ { ’
~liae1)a¥ens . Ag cos¢ (1-sm20"€s5¢ ) ﬁ
)? J (COS‘B’)”, A % ﬂ( $

(29)

evaluated at A = 4/3.

4., Results and Discussion

In the imnediately following subsection, we concentrate on the total
cross section for ls - 28 excitation. Subsequent subsections discuss OZp,ls;
present thé -computed 038’13 and °3p,la; and examine the predicted differcntial
cross sections. Conclusions concerning the validity and utility of Glauber
theory for computing excitation cross sections in electrontatom collisions, as
evidenced by the results of this paper, are summarized in the final subsection

4.5,

4.1 Total 1ls - 28 Cross Section

Figure 2 compares our Glauber total 1ls - 2s excitation cross sections

with a variety of previous theoretical estimates of %8 18" Specifically,
’

Fig. 2 plots 99 15 V8° E, as computed via FBA16 (curve 1); second Born
1 4
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upproximation17, in which however contributions from coupling to highly excited
(principal quantum number n > 5) intermediate states have been estimated only
approximately, using closure (curve 6); distorted wave approximntinnla (curve
7); als -~ 28 - 2p close coupling calculation, including exchnngelg (curve 5);
FBA cotbined with the Ochkut npptoximntionzo for the exthange amplitude (curve

7

2); the so-called Vainshtein approximation (curve 3); and finally the Glauber

Caurvi A), T& 4i wuan shel aill Rwtheds pitve cssentially the same results above
200 eV, and that significant differences between the various approximations do
not gset in until the incident energy is decreased below 100 eV. We note that
the Glauber predictions tend to lie below the others, especially at enerpgles

< 30 eV. In particular, the Glauber o is well below the FBA at energies

25,18
< 100 eV; this behavior of the Glauber excitation cross section %s 1s contrasts
»

with the behavior of the Glauber elastic o , Wwhich exceeds the FBA o
8,ls 1s,1s

1
at all energiesB.

Figure 3 compares the experimentally observed 1ls - 28 excitation
cross sections with the Glauber predictions (solid curve). The solid circle
da.a points are from the very recent measurements of Kauppila, Ott and F1t021.
o - agreement between these observations and the Glauber theoretical valucs is
tjuite good in the energy range above 30 eV. Referring to ?13.2, it can ve
seen that--except for the Vainshtein~--the Glauber is the only t;eoretical
estimate which will be reasonably close to the data of Kauppila et al. in
the energy range 30 eV to 100 eV; all other theories prediét °23,la cross
sections which are much too high, e.g., the FBA (dashed curve in Fig. 3).
Moreover, it 1is fair to say that the Vainshtein approximation rests on a very

uncertain theoretical foundationzz, in that calculations via this method

incorporate subsidiary physically unjustified mathematical simplifications (e.g.,
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a so-called peaking approximation) introduced solely for the purpose of making
integrals tractable.

We also remark that although the magnitudes of the experimental cross

21,23

scctions have been in dispute for some years y 1t seems unlikely that

future experimaents will yield observed Y9a 1a much larper than observed by
’
21

nauppila et al.”", f.e., it seems unlikely that future experiments will ¢t
the Glaubet to look poorer than, e.g., the ls = 28 - 2p close coupling (.urve

5 of fig. 2) in 30 eV < E < 100 eV, 'The very careful experiments of
Kauppila et al. assume that aZp 18 ls correctly given by FBA at 200 eV, which
?

i3 a perfectly reasonable assumption, judging by Fig. 4 below. Actually their
results show that Kauppila et al. equally well could have normalized their

inferred o at 200 eV, which energy should

28,1s t° the Born approximation o,

be high enough for the FBA o

8,ls

28 ,1s to be reliable, judging now by Fig. 2.

Moreover, the results of Kauppila et al. lie above those reported by Hils,
Kleinpoppen and Koschmiederza, who normalized to FBA at the even higher energy

of 500 eV. At very low energies, E, < 40 eV, there are data by

i o25,18
Lichten aﬁd~Schu1z25 which originally were reported to lie considerably higher
than the Kauppila et al. points of Fig. 3, but which were based on normali:ution
to FBA at 40 eV, which clearly is too low an energy to rely on FBA. When the
Lichten and Schulz data at 25 eV are renormalized so that they coincide with
Kauppila et al. at 25 eV (which in effect renormalizes the Lichten and Schulz

data to FBA at 200 eV), the Lichten-Schulz and Kauppila cro;a sections are in

quite good agreement21 over the entire energy range E1 < 40 eV wherein the

two experiments overlap.
Another remark worth making is that in the very low energy range

10.2 eV < E, < 13 eV, six state 1ls - 28 - 2p - 38 - 3p - 3d close coupling
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calculations (including exchange) have been carried out26, whose results are
quite cloaezl to the Lichten and Schulz data renormalized as described in the
preceding paragraph. Furthermore, this inclusion of coupling ton = 3 states
significantly dccrease926 the predicted 028,18 from their three state

ls -~ 28 ~ 2p close coupling valuecs (curve 5 of Fig. 2). 1t is possible,
therefore, that a six state close coupling calculation would satisfactorily
agrea with the Kduppila data points of Fig. 3, pethaps even over the entire

range 10,2 eV ¢ Ei ¢ 200 eV, At the present time this possibility cannot be

voupl FiBad  iwwnvep) Wuuauns Bhe aampkaandnnn ars 46 endiolin, Ho §1X wbatu elone

coupling calculations of 955 14 3t energies Ei > 13 eV have been carried out.
’

1hus for close coupling predictions at E1 > 13 eV one i8 forced to fall back
on the obviously inadequate (for energies 13 < B1 < 100 eV) three state

ls - 28 -~ 2p resultslg. Actually, the success of the Glauber in Fig. 2--1f
not fortultous--suggests that the close coupling method is much more laborate
than necessary, for'prehicting 028’18 in the energy range Ei > 30 eV at any

rate; certainly the Glauber diffraction approximation ignores the interchannel

coupling (supposedly capable of causing many successive excitations and
derveltations during the incident electron's trannit of the target hydrne»n
atom) whose inclusion so greatly complicates the close coupling computations.
As explained in section 2, the Glauber curve of Fig. 3 perforce
neglects electron exchange. Therefore the Glauber theory's apparent success

for o excitation indeed would be fortuitous 1f neglect of exchange were

29,18
unjustified above 30 eV. Various theoretical calculation827 indicate that
exchange should be quite negligible at incident energies E1 > 100 eV, but may
become fairly important at E < 50 eV. Unfortunately, there are no very

reliable means of quantitatively determining exchange contributions to cross

sections at those low energies where exchange is likely to be non-negligible.

-
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However, we have employed the Borm-Oppenheimer (B-0) approximntion27 to estimate
the exchange amplitude in ls - 28 excitation. 1In this ls - 28 case, including
the B-0 exchange amplitude along with the Glauber direct amplitude alters the
gsolely Glauber predictions by only a few percent for 40 eV < Ei < 70 eV and

all consequential scattering angles (angles making non-negligible contributionsg
to the integrated cross section); above 100 eV the exchange contribution
estimated in B-0 is utterly negligible, as far as the integrated cross section
is concermed. Similar comments pertain to use of the Ochkur approximation for
the exchange nmplitudezo. Below 40 eV the B-0 exchange amplitude becomes more
important compared to the Glauber direct amplitude, but in this energy tange
the B-0 amplitude tends to overestimate the exchange tontribution, as is well

known27; Wo asonelude that naglect of exchange in tha Glaubar eurve of Fig. 3 ia
justified in the energy range E1 > 30 eV where the Glauber fits the data of
Kauppila et al. Neglect of exchange may be a reason (though not the sole possible
reason, see subsection 4.5 below) for the apparent failure of the Glauber theory
at Ei < 30 eV in Fig. 3.

The mcasurements plotted in Fig. 3 do not distinguish between l(23) atoms
created by 1ls - 28 excitation, and those produced by radiative cascading to li(2s)
after excitation to higher levels, e.g., H(4p). Therefore the effective 029,15

observed in the experiments quoted in Fig. 3 must be

= G P 7)) G (3
¢

25,18

v

summed over all energetically accessible levels j lying above H(2s), with
P(j + 28) the probability of cascading to li(2s) after initial excitation to
H(j). The predominant cascade mechanism to H(2s) 1s via excitation to H(3p),

i.e., the largest term in the above sum corresponds to j = 3p. Thus it is
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estimated ”np,laln 1 for m » 3. But our computations do enable us to

3p,
compare the FBA and Glauber ratios aap,la/GZp,la° We find that these ratios

are very nearly equal at encrgies E‘ > 30 eV, Thercofore, for energles

exceeding 30 eV at any rate, estimates of y in (31) from the FBA ratios

{5/10/03p’1° should ba quite accurate,

4.2 Total 1ls - 2p Cross Sections

In Fig. 4 we compare theoretical and experimental values of the
total ls ~ 2p excitation cross section. The sources and descriptions of the
theoretical curves in Fig. 4 are the same as those cited in connection with
Fig. 2 above, e.g., curve 6 in Fig. 4 15 the Holt and Moiseiwitschl7 second
Born approximation for alp,ls’ in which hosever contributions to highly
excited (n > 5) intermediate states hve been estimited ottly approximately,

uning nlosura, As in the in ~« 24 gase, all theories are fairly alosa for

Ei > 100 eVy for E1

other theoretical calculations, excepting the Vainshtein (curve 3). The

< 100 eV the Glauber tends to be significantly lower than

triangles in Fig. 4 are the experimental data points of Long, Cox and SmithBo,

which are the most recent measurements of °2p 18’ and which are in good
?

agreement with older experimentsal’sz. Because cascading is estimnted30 to

make only a two percent contribution to the observed o2p 1g’ in Fig. 4 {1t
’

is legitimate to compare the observed data points with theoretical curves

- -

uncorrected for cascading (as would not have been legitimate in Fig. 2).
Again we sce that the Glauber theory is in good agreement with experiment at

energies E, » 30 eV, but 18 rather lower than observed for Ei < 30 eV. 1In

b
particular, at energies 30 eV < Ei < 100 eV, the¢ Glauber is distinctly superior

to all other theoretical calculations shown in Fig. 4, excluding the not

well-founded Vainshtein.

PRECEDING PAGE BLANK NOT FILMED
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Actually, the data points shown in Fig. 4 have had to be computed

from the values reported by Long et n1.30, because those observers--as well

as previous worker531'32

-~-only measure Qlf defined as 47 times the number of
Lyman alpha photons per unit solid angle emitted in a direction perpendicular
to the direction of the incident electron beam, normalized at 200 eV to the
number expected from FBA. The total cross section ¢ to be plotted in Fig. 4

is given in terms of Q‘Lby33

T = 3’;{9 K.

(34

where the polarization fraction P has its customary definition

P - L, - L 133,
in terms of the intensities, observed at 90° to the electron beam axis, of
the Lyman a compotents having electton vectots parallel and perpendicular to

the alectron beam axis. Values of P(E‘) have been meanured recently by Ott,

Kauppila and riced?, Using these values in (32), together with the normalized

Qigﬁi) reported by Long et al., ylelds the data points plotted in Fig. 4.
Recently there has been much interest in the GryzinskiBa classical
model for prediction of atomic collision cross sections. The Gryzinski
predictions have the virtue that they are extremely easy to compute, even
easier than the FBA and the Glauber. However, the Gryzinski preacription34
for computing excitation cross sections yields only é@s total cross section
for excitation to the n = 2 levels of atomic hydrogen; the Gryzinski
formulation does not distinguish between excitation to degenerate (or nearly

degenerate) levels of different orbital angular, momentum. For this reason,
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in Fig. 5 we have plotted theoretical and experimental values of the total
cross section for excitation to the hydrogen n = 2 levels. The wolid curve

is the sum of the Glauber curves (curves 4) ip Figa, 2 and 4; the dashed

curve 15 the similar sum of thc FBA curves (curves 1) in Figs., 2 and 4; the
dot~dashed curve is the Gryzinski prediction, as computed by Stablaras. The
triangles in Fig. 5 are the data, obtained by adding the solid circles in Fig.
3 to the triangles in Fig. 4. Evidently the Glauber is a much better fit than
the Gryzinski; however, the trivial Gryzinski computation does correctly

predict the peak combined cross section (02B s ¥ 9 g) to within 50Z. We
’

2p,1s
note that in adding the experimental points of Figs. 3 and 4 we are including
the contribution from cascading to H(2s), which contribution is not included
in the theoretical curves of Fig. 5. On the other hand, the experimental
points in Fig. 3 lie much lower than those in Fig. 4, i.e., the experimental
(and theorestical) curves in Fig. 5 are dominated by °2p.1|; consequently,

subtraction of the cascading contribution to the experimentally observed

H(2s) production would only slightly wodify the experimental points of Fig.

3.

In Fig. 6 are displayed the Glauber predictions for 035 18 @ and

16
(solid curves), together with FBA (short dashes) and distorted wnvcla
3 ,18

(long dashes) calculations; in addition, for 1ls - 3p exciCation only, there
are shown results computed in a two state ls - Jp close coupling approximationlg,
including exchange. There are no reliable data with which these predictions

can be compared. The relations between the various curves in Fig. 6 are much

the same as was found for the corresponding curves of Figs. 2 and 4.
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4.4 Differential Cross Sections

As yet we have not discussed differcntlal cross section predictions;
these are shown in Fig. 7, for excitation to 28, 2p, 38 and 3p at an incident
electron energy of 100 eV. In Fig. 7, the solid curves are the Glauber
results; the dashed curves are FBA differential cross sections, taken from
Mott and HasaeysG. The absolute diffcrential cross sections are plotted in
Fig. 7, with the scale on the left referring to the 1s - 28 and 1ls - 3s curves,
while the scale on the right pertains to the 1s - 2p and 1ls - Jp curves. The
ncales in Fig. 7 are much more condensed than those employed in Figs. 2, 4
and 6, so that, e.g., the differences between the FBA and Glauber 1ls - 2p
curves in Fig. 7 do account for the roughly 102 difference between the FBA
and Glauber total °2p,ls curves of Fig. 4 at 100 eV.

A3 in = - H elastic scatterings’a

» the Glauber and FDA curve- of Fig.
7 all decrease monotomically with increasing scattering angle 6., In a

number of other respects, however, the relations between corresponding Glauber
and FBA curves of Fig. 7 are rather different than was the cas2 for einatic
scattering., At large angles, 6 > ~ 400, the Glauber inelastic differential
cross sections are sighificantly larger than the FBA; in elastic scattering

at large angles the FBA and Glauber wers practically indiaeinguiahah1e3'“, but
if anything the ¥BA exceeded the Glauber. In elastic scattering at angles

0° < 8 <~ 40°, the Glauber always exceeded the FBA, with the difference

between the FBA and Glauber becoming quite large at very small angles 0 < ~ 10°;
as a result, the Glauber total elastic cross section 013'18 exceeded3 the FBA
ola,la' On the other hand, in the 100 eV differential cross sections of
Fig. 7, the Glauber 1ls - 28 curve only slightly exceeds the FBA 1ls - 28 in

the angular range 6 < 10°, while at intermediate angles 10° < 6 < 40° the
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Glauber 1ls -~ 28 lies significantly below the FBA; conscquently, rccalling
that in computing the total cross section the differential cross section

do/dfi is weighted by an extra factor sin 6, it 18 understandable that the

Glauber total inelastic °2a,le turns out to be less than the FBA 023,19 at
100 eV, as was shown in Fig. 2. 1In the 1ls - 38 case, the Glauber do/dN of
Fig. 7 starts out only very slightly above the FBA at 0°, and falls below

the FBA at an angle 6 as small as 2°, The 1s - 2p and 1s - 3p Glauber curves
of Fig. 7 lie below their corresponding FBA curves even at 0°.

The features of the foregoiny comparisons between Glauber and FBA
inelastic differential cross sections are quite characteristic, i.e., these
features appear to persist at essentially all encrgies 10 eV < Ei < 200 eV, In
general the d‘fferences between the Glauber and FBA inelastic do/dR become
more marked at consequential angles (angles contributing sipnificant?: to
the integrated cross section) as the energy is decreased. To illustrate this
remark, in Fig. 8 we plot lFZs,ls(;)lz from Eq. (18), as a function of qz.
for incident energies of 50 eV, 100 eV and 200 eV (solid curves); for
comparison the FBA 'FZs,la(;)lz’ which 1s independent of incident energy,
also is shown (dashed curve). For givea Ei' qz(e) is a monotonically

increasing function of scattering angle 6, but the value of q2 at 0% increases

as the incident energy decreases, e.g., at E1 w 100 eV, q2(0°) = 0,02, while

Ak e S b Sm———

2, [
at E1 = 50 eV, q (0°) = 0.04.;(Thua the fact that in Fig. 2 the FBA 029.15
1ies increasingly above the Glaubet 025’15 as the etiergy is decreased from

200 eV to about 20 eV ainc ean be understeod from Fim. B; reanltling that n
computing the total cross section via Eq. (7) the quantity |rf1(33|2 in the

integrand is weighted by an extra factor q, while the lower irtegration limit

18 [qz(nfﬂ!{. Lalow about 20 eV the Glauber and FBA o, again approach

8,1s

1

Moreover, in the range 107" < q2 <~ 3 the Glauber curves lie below the Bomn,

the more so as E1 decreases.
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cach other in Fig. 2 because the integration range Ky = Kf to Kt + Kf in
Eq. (7) rapidly diminishes as threshold K¢ = 0 is approached,
The only angular distribution data with which our Glauber predictions

37. who has measured the angular

can be compared are those of Williams
distribution of those scattered electrons whose energy loss corresponds to
excitation of the n = 2 levels of atomic hydrogen. Figure 9 shows Williams'
data points (labeled 1) at an incident electron energy E1 = 50 eV, normalized
at 20% to the sum of the cross sections for excitation of H(2s) and H(2p),

as calculated (at 54 eV) by Scott38 in the 1ls - 28 - 2p close coupling

approximation. Curves 2 and 3 in Fig. 9 also are taken directly from Williamss7.
Curve 2 shows the aforementioned 18 - 28 - 2p close coupling predictionsas;
curve 3 shows the Born-Oppenheimer (B-0) predictions (again at 54 eV), also
normalized at 20° to the observations. As Willianms remarks, at angles

6 <~ 80° the B-0 curve is essentially identical with the FBA. At angles

8 > 80° the effects of electron exchange cause the B-0 curve to turn up;

the FBA, which neglects exchange, continues to decrease monotonically as 6
increases beyond 800, consistent with our discussion of Fig. 7. Curve 4 of
Fig. 9 displays the Glauber predictions, for E1 = 50 eV, normalized (like

the other theoretical curves) to the data points at 20°, At angles

20° < 6 < 40° there is not mch to choose between the various theories. For
8 > 40° the 18 - 2s - 2p close coupling gives a quite good fit, while the FBA
or B-0 are clearly bad fits. The Glauber is not quite as good as the

ls - 28 - 2p close coupling at 0 > 400. but the Glauber fit certainly is not
poor. It will be recalled that the 1ls - 28 - 2p close c~upling calculations

~~although much more arducus than the Glauber--at 50 eV actually predicted

much less accurate total °23,13 and aZp,ls than did the Glauber (Figs. 2 - 4).
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Figure 10 compares Williams' datn37 (curves 1) with theoretical
angular distributions at incident electron encrgles of 100 ¢V (Fig. 10a) and
200 eV (Fig, 10b). At these cnergies there are no close coupling calculations,
s0 Williama fitted his obscrvations to the B~0 (curves 2) at 21°, As was the
case at 50 eV, thesc 100 eV and 200 eV B-0 curves are bad fits to the observed
points. In addition, Fig. 10 shows the Glauber predictions (curves 3), also
normalized to Williams' data points at 21°. At 100 eV the Glauber again is
an acceptable fit; at 200 eV the Glauber fit is excellent. It is noteworthy
that at fixed large angle (ec.g., 0 = 60°) the deviation between the Glauber
and the FRA increases with increasing energy in Figs. 9 - 10, contrary to the
(now seen to be dubious) inference in section 2 that the Glauber Ffi(a)
should approach the Born Ffica) at high energies., We add that except at
backward angles, where the B0 amplitudes approach the Glauber, inclusion
of electron exchange could not significantly modify any of the Glauber curves
in Figs. 9 ~ 10.

0f course, 200 eV 13 not really a high enough energy to justify
retaining only the leading term in the expansion of the exponential in (2);
in fact, at 200 eV the expansion parameter 2n in Eqs. (2) and (3) equals k.

In other words, at 200 eV the energy still is too low to be confident of the
argument-~via expansion of eix in (2)--which seemingly reduces the formula

(1) to the FBA scattering amplitude. Still, 2n is not large compared to unity
at 200 eV; moreover, it is curious that the Glauber and FBA should be so
divergent at wide angles in Fig. 10b, in view of the fact that for elastic
scattering the 200 eV Glauber and FBA predictions are 1ndist1nguishab1e4 for
angles exceeding 30°. We stress that even without normalization to the same

value at 6 = 21°. the FBA and Glauber integrated cross sections from Fig. 10b
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will be practically equal, as we already know from Figs. 2 and 4 at 200 eV,

In other words, the angles where the FBA and Glauber curves of Fig. 10b diverge
widely unquestionably are quite inconsequential for purposes of computing the
200 eV total cross section for excitation to the H n = 2 levels, as can be
directly verified from Fig. 10b (and its extrapolation to 0 = 0%.

For the purposes of the next subsection, it is desirable to assure
ourselves that the divergence at large scattering angles between the FBA and
Glauber angular distributions of Fig. 10 is consistent with Fig. 8. At
E, = 200 ¢V, or 100 eV, :hé FBA and Glauber lrrlz shown 1in Fig. 8 lic close
to each other only for q2 <~ 3; at larger q2 the FBA fFlz becomes very
swall compared to the Glauber. Now at 200 eV, qz(G)--which increases

monotonically with 6 at fixed E,--equals 3 at about 0 = 25°. Thus the

i
angular range for which the FBA and the Glauber predict very nearly the same
ls ~ 28 differential cross sections at 200 eV is largely off scale in Fig.
10b., At 100 eV, qz(e) = 3 at about 8 = 40°, so that curves 2 and 3 in Fig.
10a do not begin to diverge until 6 exceeds 40°, Actually, it isn.t po..ible
to understand Figs. 10a and 10b solely from the 18 - 28 curves of %13. 8,
because 18 ~ 2p excitation contributes importantly to Fig. 10. However, the
variation with q2 of the 1ls - 2p do/dN is not qualitatively dissimilar from
the corresponding variation of the ls - 2s do/dfl, as Fig. 7 indicates, so

that concentrating solely on the behavior of the ls - 28 curves of Fig. 8 does

yield qualitatively correct interpretations of Figs. 10a and 10b.

4.5 Conclusions and Critique

From the results which have been discussed, it is legitimate to

conclude that the Glauber theory is a useful fairly accurate means of
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predicting total cross sectiuns for excitaticn of atomic hydrogen by electrons,
at energies 30 eV < Ei < 200 eVs in fact, in this energy range, if theories
of e = H excitation arc judged on any rcasonably weighted combination of
reliability, ready computability and theoretical soundness, no other theory
scems at all competitive with the Glauber. Whether similar conclusions
would hold for other atoms and other incident projcctiles, e.g., e - lle and
p - H collisions, 18 a question well worth investigating. For instance, in
many electron atoms, where Ffi(a) from Eq. (1) must be integrated over the
coordinates ?1,?2,..,, of all the atomic electrons, it is far from obvious
that Ffi(d) can be reguced to a readily computable form without subsidiary
error-introducing simplifying mathematical approximations.

The angular distribution results we have quoted certainly justify the
conclusion that the potential utility of Glauber tlicory for preusctions of inelastic
(as well as elastic) differential cross sections in electron-atom collisions
cannot be lightly dismissed. As a matter of fact, judging by Figs. 9 and 10,
Glauber predictions of differential cross sections--for e - H excitation in
the same energy range 30 eV < E1 < 200 eV--are almost as successful as are
the Glauber total cross section predictions. At first sight, this last
asgertion is rather surprising. In Figs. 9 and 10 the main advantage of the
Glauber lies in its ability to predict the observed angular distributions at
wide scattering angles, where the B-0 and FBA differential cross sections
arc far too low; at smaller angles--as Figs. 7 - 10 indicate--normalized (not
absolute) differential cross sections are fitted no better by the Glauber
than by the even more readily computable FBA. However, as explained in
section 2, our calculations specifically have assumed that the momentum

transfer q is perpendicular to K deeo, that a in Eqs. (1) or (8) lies in
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the x,y plane tontaining b and 8, Whether or not the incident energy is high,

’

7 cannot be petpendiculat to T(i at the wide angles where FBA fails in Figs,
® and A0, 1n wEher wavdn; 4k Appears that she Olauhur prediutians are

successful in Figs. 9 and 10 at just those angles where Glauber theory might
be expected to break down.

On the other hand, the foregoing objection to Glauber theory 1is
specious. 1n Glauber theory, the phase distortion of the wave function is
approximated via integration along a straight line supposedly representing
the undeviated path of the incident electron; this is how one arrives at
the formula for y, Egs. (2) - (3). For wide angle scattering, as Glauber

(1'2). it is a poor approximation to suppose the electron path is

remarks
always parallel to ﬁi. A better approximation, which treats the initiul and
final directions symmetrically, results from the assumption that the electron's
undeviated straight line path effectively is parallel to k(ﬁi + Kf). But,

recalling Eqs. (6)

7 (E T Fo K - &)/h (€r - <)
() KK Aml€ G T
/4/ / /(—:4 f.c';' z““-OK// L(k,_“vkl )"44 Kf CoS 9] [r(é - €) ! ,SMBJ

(34)

Thus at large scattering angles (not too near 6 = 1800), choosing the z-axis
along H(ﬁi + ﬁf) automatically implies that 3 very nearly lies in the x,y
plane at not too low energies. For example, in 1ls - 2p excitation at

E, = 200 eV, the right side of (34) = % 0.05 for 6 = 30°. Moreover, at any
given fixed scattering angle it can be seen that lefi(E,mf)l2 summed over

all final magnetic quantum numbers m, does not depend on the direction of

quantization of the final boundstate wave functions uf(nf). Therefore the
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Glauber differential and integtated &€ ~ H(ls) ctoss dectiotts we have computed
are exactly the same ay we would have obtalned 1f, at the vety beginning--back
in Bq., (1)--we had made the (supetiotr at all not too low eéncrgies) supposition

Y Y
that the z-axis 1lies along k(K‘ + Kf).

The preceding paragraph has made it understandable that Glauber
theory accurately predicts differcntial cross scctions at wide angles and not
too small incident energies. It also is possible to understand the fact--
remarked in subsection 4.4--that at wide angles the Glauber and FBA elastic
differcntial cross aectionsa'a approach each other with increasing Ei' whereas
the Glauber and FBA inelastic do/dQ! apparently are increasingly divergent
with increasing Ei' "At high energies, large angle elastic scattering of
electrons from H(ls) results predominantly from close collisions between the
incident electron and the proton; the atomic electron has too small a mass
(alternatively, has too spread out a wave function) to give large deflections
to the incident elect;on. Similarly, one expects that wide angle inelastic
scattering results from interactions of the incident electron with the proton
as well as with the atomic electron. In FBA, however, the inelastic
scattering produced by the interaction ezlr‘between the incident electron and
the proton vanishes because the initial and final bound state wave functions
are orthogonal. Therefore the wide angle inelastic scattering in FBA results
only from the relatively ineffective electron-electron interaction, which
explains why the FBA angular distributions of Figs. 9 ~- 10 decrease so much
more rapidly with increasing angle than do the corrcspondin33’4 FBA clastic
do/dft. This artificial and misleading elimination of the ezlr'interaction
does not occur in the Glauber. Consequently, one expects--and finds, as

comparison of Figs. 9 - 10 with Fig. 1 of Tai et al.‘ shows~--that at any
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givent energy the Glaubet wide angle inclastic and elastic dv/d? dectease at
about the same rate with increasing angle; the fact that at & given energy

the experimental elastic and inelastic do/d0 resemble each othetr alteadv has

been tematkod by wiiliumn37. Returiiing to the expansion of el in powers of
3,4

x, 1t appears €rom the previously reported ealculations and from the

toragolng discusafon that at Ei > 200 eV keeping only the linear term in

is not too bad for wide angle elastic scattering. But for inelastic scattering
at a fixed large angle--where the contribution from the electron-electron
interaction decreases so rapidly with iuncreasing Ei~-tpc lincar

term in x 18 not really the leading term in the expansion of eix

after removal

of the ezlr'interactiom by orthogonality, and the Glauber does not approach

the FBA as E1 increases. It is relevant to later discussion to note here that
when retention of only the linear term in x is justified, the formula (1) reduces

to FBA for each final magnetic sublevel, whatever the quantization direction
of the atomic bound states, and whether or not the assumptionﬂqzﬁ; =0 is

valid.

For the inelastic collisions of interest in this paper, where

—>
Kf < Ki' the assumption that~3 is very nearly perpendicular to K1 fails at

small scattering angles as well as at large 6. To make these remarks more

specific, write
’ ?
é?:= ?b L ‘

-+ - -> -+ -»
where q|’ lies along K,, and qL is the component of q perpendicular to Ki'

In terms of 6
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%” = /(‘ - k{COSQ

;i = /({-SVA 2,

In elartic scattering, where Kf - Ki' it is evident that q’| becomes neglibible
compared to qL ad 0 + 0, 1.e., in elastic scatterin the assumption Eoﬁi =0 {4

incraaningly valid aw ¢ + 0 at fixed B, When R, < K, howaver, quqll + 0

as O + 0 at fixed E,, 1.e., the vector E’now becomes increasingly parallel

1"
toAQ; in this limit: Furthermore, as Eq. (34) shows, at small angles and
moderate-to-low energies, failure of the assumption'a-fl = 0 cannot be
remedied by using &(E: +~2;) as the z-direction. One can argue that at large
Ki the angular range near 6 = 0 where qll << ql.faila is too small to nake

a consequential contribution to the integrated inelastic cross section. As

K, decreases, however, q; << q, 18 invalid in an increasing angular rangec
I 1

i
near 6 = 0, and eventually this range becomes large enough to be consequential
in the integrated cross section. It is probable that this failure of the
fundamental assumption ;°§1 = 0 near 6 = 0 is associated with the rapid J:o: off
of the Glauber below the data points in Figs. 3 and 4 as the energy decre. :s
below ~ 30 eV. At such low energies, where tiie whole idea of approximating

the incident electron trajectory by a straight line path breaks down, 1t is

not easy to decide quantitatively what kinds of errors the Glauber approximation
is producing; but it does seem that under these circumstances supposing that

3 lies wholly in a single x,y plane perpendicular to the entire incident

—

-3 -
electron trajectory~-whether this plane is supposed l_to Ki or to lg(l(1 + Kf)--

makes the integral (1) an underestimate of the true Ffi(a). This assertion
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is based on the effect of replacing q by ql.< 4 in the expressions for Il?ul2
we have obtained Ce.g.. in Eq. (182); Fig. 8 shows that this replacement

increases IF“|2 at every angle, Actually, this unjustified simple replacement

of q by ql is too crude, and at low energies brings the Glauber predictions
wall above the experimental data in Figs. 3 and 4, Nevertheless, it now seema
reasonable that--even if electron exchange is negligible--one should expect
the Glauber formula (1) to yield‘too small inelastic cross sections at those
low energies for which the assumptions ‘é(d'(’l = 0 and i'di(ﬁ’f + fi) » 0 both fail

in & non-nepligible range of angles hear 6 » 0, Hy way of numetrical

11iursranion, we nete thak far in ~ 2p exaitation ak R, = 30 eV, the ripht
side of (34) is about 0.4 at 30°,

It has been pointed out in section 3.3 that pf1(3> is identically
zero for excitation to the 2p m = 0 level. One easily verifies that this
result implies the polarization fraction PE:Eq. (332} of the Lyman a
radiation following 1s - 2p excitation should equal - 1 at all incident
electron energies. This result must be wrong, and indeed is quite at odds

33

with the observations of Ott et al.””, who find P(Ei) decreases monotonically

from about + 0.2 to - 0.1 in the energy range 20 eV < E1 < 700 eV, Moreover,

these obaervation333

of P(Ei) are fairly well fitted by FBA calculations in
this same energy range. Because the FBA predictions have not taken into
account fine structure and hyperfine effect complications (which cannot be
1gnored39), and because the observations include the effects of cascading,

it 18 possible that the agreement between the FBA and mea?ured P(Ei) really

is not as good as it seems. Nevertheless, it is obvious that the Glauber fails
badly for the purpose of predicting P(Ei)' Since the Glauber has otherwise

been so successful, some comments concerning this failure to predict P(Ei)

certainly are in order.
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Actually the rcasons Glauber predicts P(Hi) 80 poorly at enetrgies
an high as 700 eV are not wholly transparent to us, Ltut it is clear that use

) * *
of K1 an the z-axis in our calculations (in Eq. (22), specifically . is the
source of the difficulty. As we have explained, fcir any given fixed é our
results for ZlFti(a.mf)lz summed over all me should be valid at not too low
energies, independent of the axis of quantization of the final bound state
wave functiors. This invariance does not heid for any given individual

-+ 2

lei(q.mF)l s Howevetr, At not too low encrgies, therefore, it 1s possible
that the ratio of the individual Glauber partial ctoss “e"’“m“dzp,is(‘”f) fot

—d
excltation to 2p m, » 0, £ 1 quantized along K, can be quite wrong, even

though the sum of these partial cross sections is redsonably accurate at any
glven 9.

At very high energies, however, where the contribution to the total
excitation cross section comes almost entirely from forward scattering, so
that there is essentially no distinction between quantizing nlong.E; and
quantizing along %{Zi +-E;), the Glauber prediction of P = - 1 should be
correct (always neglecting fine structure, hyperfine structure and cascading).
in this limit, moreover, the Glauber and FBA p.edicticns of P should coincide.
This ultimate coincidence is implied by the claim, in subsection 3.3, that
FBA formulasl3 and numerical calculationsla indicate the probability of
1s - 2p m = 0 excitation at high energies is negligible compared to the
probability of 1s -= 2p m = ¢ 1 excitation, with the atomic Wave functions
quantized alongwE;.

We also can give an independent demonstration of the equivalence
of the FBA and Glauber predictions of P(Ei) in the limit E1 + =, as follows.

In FBA, quantizing along ;, only the 2p m = 0 level can be excited. When
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this state makes a radiative transition to the ls state, the angular
distribution Q(g) of the emittced radiation is proportion1140 to ainz v, where

v 1s the angle between 3 and 3, the direction of the outgoing radiation. Sc

(7) ~ | - st = 1=Leaty 'ty +smgsmay (G 1)

b 25y Sy Ca30y 58y S (- 9’,_)_] (55)

—p
where the angles Oq, ev. etc., are being specified relative to Ki as polar

axis. Averaging (35) over the azimuth of ;, for fixed 3, wve have

(P>~ |- CoSLG% cos’U‘, - 4 S”’lgf Sm 6y { 36)

N a8 hHigh anapgban snl Imall ACARSEFLAE anglan, ke prodaminant santritiucion
to the excitation is coming from E l_ﬁi, as has been explained. So in this

limit (36) reduces to

SQpry ~ ) -5 8, = ()4 cos's,) (377

which 1s precisely the angular distribution of the radiation one 1n£er940 for
transitions from 2p m = ¢ 1 to ls, with no original occupation of the state

21,33

2p m = 0, Because it is known that the angular distribution Q(g) is

uniquely related to the polarization fraction P, we now can conclude that

for radiation following 1ls - 2p excitation the FBA and Glauber P both equal

- 1 4n the high energy limit.
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Figure Captions

Figure 1. Projection of the collision on the x,y plane., The x,y plane is the
plane of the paper; the initial velocity of the incident electron coincides
with the direction of positive 2z, which i{s into the paper. The vectors g, 3,

3 lie 4in the x,y p;ane, and have agimuth angles ‘b"s"q respectively, measured
from positive x, as shown. |

Figure 2, The ls - 28 excitation cross section, in units of naoz, computed

via Glaubet and various othetr approximations discussed in the text, Curve 5

is the Butke, Schey and Smith (refetence ¥) 1s - 28 ~ 2p close coupling
walaulacion, tnaduding enshenga) quvve & 4 she Jeds snd Medtneivishsh (rnfeavanae

17) estimate, using closure, of the second Born approximation; curve 7 is the
distorted wave approximation.

Figure 3., Comparison of theoretical and experimental effective ls - 2s
excitation cross sections, in units of uaoz. Solid circles, the data points

of reference 21, normalized to FBA at 200 eV; crosses, the data points of
reference 24, normalized to FBA at 500 eV. Solid curve, the Glauber predictions;
dashed curve, the first Born approximation. As explained in the text, in

order that comparison with the data be meaningful, the theoretical curves must

plot 025.1' + v °3p,19' where y has been estimated to equal 0.23.



41

2]
Figure 4, 1The 18 - 2p excitation cross section, in units of ﬂno‘. The
ttiangles are tha data points of teference 30, The curves show various

theotetical estimates of 1s - 2p excitation, computed via Glauber and various
other approximations discussed in the text, The soutrces fotr the theoretical

surves uew WH TH Pifi 8, w, 4.0 siken & (n che 1n = 20 = By alone soupling

calculation, {nrluding »+ Yhange, from reference 19,

Figur~ »,. Total cross section for excitation toc the n = 2 levels of hydrogen,
in units of ﬂaoz. The triangles are the observations, taken from Figs. 3 and
4 as explained in the text. Solid curve, the Glauber predictions, from Figs.
3 and 4; dashed curve, the first Born approximation, from Figs. 3 and 4;
dot-dashed curve, the Gryzinski classical model, as computed in reference 35.
Figure 6. Theoretical 1s - 3s and 1s - 3p cross sections, in units of naoz.
Solid curves, the Glauber predictiona; short dashed curves, the first Born
approximation; long dashed curves, the distorted wave approximation; dotted
curve, a 1ls - 5p close coupling calculation (reference 19).

Figure 7, Theoretical differential cross sections, in units of waoz, for
excitation to 28, 2p, 38 and 3p, at 100 eV. Solid curves, the Glauber
predictions; dashed curves, the first Born approximation.

Figure 8., Scattering amplitude squared, in units of waoz. for ls -~ 28
excitation, as a function of q2 = momentum transfer squared. Solid curves,
the Glauber predictions, at energies of 50, 100 and 200 eV; dashed curve, the
first Born approximation, which is independent of incident energy.

Figure 9. Differential cross sections for excitation of the n = 2 levels of
atomic hydrogen. Curve 1, data points of Williams, reference 37, Curves 2, 3
and 4 are theoretical angular distributions, all normalized to the experimental
data points at 6 = 20°, Curve 2, the 1s - 28 - 2p close coupling predictions;

curve 3, the Born-Oppenheimer approximation; curve 4, Glauber.
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Fi.ure 10, Differential ctoss sections for excitation of the n «» 2 levels of
atomic hydrogen (a) at 100 eV; (b) at 200 eV. Curves 1, data points of

reference 37, Cutves 2 and 3 are theoretical angular distributions, all

normalised to the emporimentel data peintes at 0 o 219, curve 8 (danhed), the

Born-Oppenheimer approximation; curve 3 (solid), Glauber.
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